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CENTRAL SEPARABLE ALGEBRAS WITH PURELY
INSEPARABLE SPLITTING RINGS OF EXPONENT ONE

BY
SHUEN YUAN()

Abstract. Classical Galois cohomological results for purely inseparable field
extensions of exponent one are generalized here to commutative rings of prime
characteristic.

Given a commutative ring extension C over A of prime characteristic p, there
are three variants for the Brauer group B(C/A) of central separable A-algebras
split by C: the Amitsur cohomology group H?*(C/A, G,), the Chase-Rosenberg
group &Z(C/A), and Hochschild’s group &(C, g) of regular restricted Lie algebra
extensions of C by the Lie algebra g of all A-derivations on C. In this paper we
show that if C is finitely generated projective as an 4-module and C[g]=End, (C),
then H%(C/A, G,)~&(g8, C)~ L (C/A). As a corollary we show that H*(C/A, G,,)
is zero for all i>2. When C is a field, these are the results of Berkson, Hochschild
and Rosenberg and Zelinsky [4], [11], [12]. As in [11] we show that the Lie algebra
extensions which arise from central separable algebras are trivial extensions when
regarded as ordinary extensions so that the essential structural elements are here
precisely those which differentiate the restricted extensions from the ordinary ones.
We also show that if R is a commutative C-algebra which is finitely generated,
projective as a C-module, then the Brauer group B(R/A) is mapped onto the Brauer
group B(R/C). The last result is also due to Hochschild when C is a field [10].

§1 contains the background on projective modules which came into the picture.
Due to their peculiar behavior all relevant automorphisms turn out to be inner
which explains why instead of some exact sequences we get two isomorphism
theorems. In §2 the isomorphism of &(g, C) with «/(C/A4) is proved. §3 and §4
provide the preliminary materials for §5. §3 contains an exposition on the theory of
differentials in rings of prime characteristic. Its application to Amitsur cohomology
is given in §4. The main results are given in §5.

Throughout this paper C over A always denotes a commutative ring extension of
prime characteristic p such that C is finitely generated projective as an A-module
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and C[g]=End(C) where g=g(C/A) denotes the Lie algebra of all A-derivations
on C. By a Lie algebra or a Lie algebra homomorphism we mean a Lie algebra or a
Lie algebra homomorphism over 4. The p-map of a restricted Lie algebra is
denoted by x — x?, except for two fleeting instants in Lemma 8 and in the dis-
cussion preceding Theorem 4. Tensor product signs without subscripts will denote
tensor products over 4. If ® is a subring of a ring E, by the ®-module £ we mean
the left ®-module given by the scalar product ® xE — &, (0, £) - 0¢. If M is a
®-module, then for any 6 in ®, we will denote by A6 the map M — M produced
by left multiplication by 6. If M is a right ®-module, the endomorphism on M
produced by right multiplication by 6 will be denoted by P6.

1. Projective modules

LeMMA 1. Let R be any commutative A-algebra such that the kernel of R @ R —
R, x ® y — xy, is a nilpotent ideal in R @ R. Then H°(R/A, P)=P(R), H'(R/A, P)
=0 for all i>0.

Proof. As usual, we denote by R" the tensor product R ®- - -® R (n factors).
Since the kernel of the map u: R* — R, x; ®- - - ® X, —> X; - - - X,,, is nilpotent, we
have an isomorphism P(R") — P(R) given by M — M @z R~ M/(kernel p)M
[3, p. 90]. Now let ¢: R*— R**' bethemap x; @ - X, —=>x; Q- @ X1 ®
1 ®x ®:--Q® x,. From the commutativity of

R® & Rr+1

N,
R
we conclude the commutativity of

p(rry P poresy)

~N S

P(R)

This shows the Amitsur complex
€(R/A, P):0— P(R) > P(R?) — - - -
is isomorphic to
0 1 0 1
0 —> P(R) —> P(R) —> P(R)—> P(R) —> .. .,
whence the lemma.

COROLLARY. Let M be any rank one projective C-module. Then there is an
additive group isomorphism Y:C QM —->C Q@ M such that A(c ® ¢)T=
TA(C ®¢),c,c’eC.



1971] CENTRAL SEPARABLE ALGEBRAS 429

Proof. The corollary says that every rank one projective C-module is a O-cocycle
in the Amitsur complex €(C/A4, P) which is indeed the case because the kernel of
C ® C—C, x ® y— xy, is nilpotent.

DErFINITION. Let R be a central separable 4-algebra. By a splitting subalgebra of
R we mean a maximal commutative subalgebra C of R such that the C-module
R=_Ris projective. It follows from [8, Proposition 2.4] that the map w: C ® R® —
End (R) given by w(x ® y)u=xuy, x € C, y, u € R, is an isomorphism.

LeEMMA 2. Let R be a central separable A-algebra containing C as a subalgebra.
If Ry contains C, as a splitting subalgebra for every prime ideal q in A, then R
contains C as a splitting subalgebra.

Proof. Put C'={x € R | xc=cx for all ¢ in C}. The inclusion map C— C’ is
onto because it is onto at every prime ideal q in 4 [5, p. 111, Theorem 1]. So C is
a maximal commutative subalgebra of R. Similarly the map w: C ® R° — End. (R),
¢ ® x — (Ac)(Px),is an isomorphism because locally it is. Now C ® R°~ End. (R)
implies that (the rank of the A4-module R)=[R:Aly=[R:C]3[C: 4], is equal to
[R:C}2. This shows [R:Cla=[R:Clans=[C:Alan, is locally constant for £ in
Spec C because [C: 4], is locally constant [16, Lemmas 1 and 3]. Since R is finitely
generated as an A-module, it is certainly finitely generated as a C-module [2,
Theorem 2.1]. It follows from [5, p. 138, Theorem 1] that R must be a projective
C-module.

Let R be any A4-algebra which contains C as an 4A-subalgebra. We regard Ras a
(C ® C)-module via the scalar product (x ® y)v=xvy.

LeMMA 3. If R is a central separable A-algebra which contains C as a splitting
subalgebra, then R is a rank one projective (C @ C)-module.

Proof. By definition, R is a projective module over C. So R® R° (=¢R ® R%)
is a projective (C ® C)-module. So R is a projective (C ® C)-module because R
is a projective (R ® R°-module.

To show R is a rank one projective (C ® C)-module, we note that the 4-module
structure on R is obtained from the (C ® C)-module structure on R by restricting
scalars. So for any prime ideal Q in C ® C, if we write = Q N A, we have

[R: A]q = (rank of R, over Ag)

= [R:C ® Clh[C ® C:4], = [R:C @ Cl,[C: 4.
Now C ® R°=End, (R) implies that
[R:C12 = [R: 4]y = [R:C)[C: A4),.
So [R:C)y=[C: 4], and [R: A];=[C: A)3. This shows [R:C ® CJ]go=1 as desired.

LEMMA 4. Let R be a central separable A-algebra which contains C as a splitting
subalgebra. Let J denote the kernel of p: C @ C— C, x @ y — xy. Then there is
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an additive group isomorphism Y:C ® (R/JR)— R such that YA(c ® ¢')=
A’ ® ¢)Y forall c, ¢' in C.

Proof. Since J is nilpotent, u induces an isomorphism P(C ® C)— P(C),
M — M|JM [3, p. 90]. Now the map C— C ® C, x > x ® 1, followed by pn is
the identity on C. So any rank one projective (C @ C)-module M must be
isomorphic to C @ (M/IM)=(C ® C) Qces (M|/JM). The rest of the lemma is
trivial.

LEMMA 5. Let R be a central separable A-algebra with C as a splitting subalgebra.
If the rank one projective class group P(C|A) is trivial, then every automorphism o
on R which leaves C pointwise fixed must be inner by some element z in C.

Proof. We make R into an (R ® R°-module by defining (x ® y)v=(ox)vy.
Write M={v € R | (ex)v=uvx for all x in R}. By [2, Theorem 3.1]the map R @ M —
R, x ® v — xv, is an isomorphism. This shows MR=RM = R. But Cis a C-module
direct summand of R [5, p. 176, Exercise 4]. So there is a C-module homomorphism
a: R — C such that #(c)=c for all ¢ in C. Now M is an A-submodule of C because
ve=cv for all cin C and v in M. We have MC==n(MR)==(R)=C. So M is a rank
one projective A-module split by C and hence must be a free 4-module because
P(C/A) is trivial. Let z be a generator for M. It is clear that o(x)=2zxz"! for all
x in R because z is a unit in C.

Now let r be a positive integer. For any ring X, we shall denote by X the ring
X[t)/(t7*Y) of truncated polynomials. Let R be an A-algebra and S an A-sub-
algebra of R. By a higher A-derivation (of rank r) of S into R we mean an
A-algebra homomorphism ¢: §— R, u—> (pou)+(psd)t+ - - - +(pu)t", puc R,
such that pou=u for all 4 in S. A higher 4-derivation of R into itself is inner if it
is an inner automorphism of R.

LEMMA 6. Let R be a central separable A-algebra containing C as a splitting
subalgebra. Then every higher A-derivation ¢ of C into R can be extended to an inner
higher derivation of R.

Proof. As usual we make R into a new (C ®z R%-module ,R by defining
(u @ v)x=(pu)xv. Write Q=C ®; R°. By [5, p. 181, Exercise 18] the map
Homg (R, ,R) ®c R— ,R, f ® u— f(u), is an isomorphism because Q is iso-
morphic to Endg (R). Now each element of Homg (R, ,R) is determined by its
action on 1 € R which must go to an element of M={ue R | (px)u=ux for all
x € C}becausein R, (x ® 1)-1=(1 @ x)-1forall xin C. Put U={ce C | c+ut+
.-+ 4u,t" € M for some u; € R}. We claim that U= C which of course says ¢ can be
extended to an inner automorphism of R. From M ®p R~ R, it is clear that
UR=R. But Cis a C-module direct summand of R [5, p. 176, Exercise 4]. So there
is a C-module homomorphism #: R — C such that mc=c for all ¢ in C. We have
U=UC=a(UR)=n(R)=C as asserted.
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REMARK. Given a central separable A4-algebra R containing C as a maximal
commutative subalgebra, if every o € g can be extended to an inner derivation of
R, we will show in Theorem 2 that C is actually a splitting subalgebra of R.

2. Regular extensions and central separable algebras. We shall regard C as an
abelian restricted Lie algebra with the p-map ¢ — ¢f. A regular extension of C by
g is an exact sequence of restricted Lie algebras

L:0—C —¢> 1 i) g—>0
such that the following conditions are satisfied:
(i) =[x, pc]=(px)(c) for all x in I and ¢ in C.

(ii) I has a C-module structure for which both ¢ and ¢ are C-linear.

(iii) [ex, 'xX'1=c(x-c)x"—c'(x"-c)x+cc’'[x, x'] for all ¢, ¢’ in C and x, x" in [
where x-c=y¢~1[x, yc].

@iv) (ex)P=c?x?+ D2;Y(c)x for all ¢ in C and x in I, where D, for any x in [
denotes the map ¢ — x-c on C.

Two regular extensions L, L’ are equivalent if there is a C-linear restricted Lie
algebra homomorphism ¢: [ — I’ making the diagram

2N
o ¢ 8
N

commutative. The set of equivalence classes of regular extensions will be denoted
by &(g, C).

We now define an addition on &(g, C). Given two extensions L and L', let D
denote the subalgebra of the direct sum [+1’ which consists of all elements (u, v)
in which pu=¢'v. Let J be the ideal of D consisting of the elements (—x, ¢'x)
for x in C. Since the (pointwise) p-map on D maps J into itself, so by Jacobson’s
formula [7, p. 199, Lemma 2] it induces a well-defined p-map on D/J. The exact
sequence

lpll ¢ll .,’ﬂ ¢II

00— C—> D|J—>g—>0, x —> (¥x, 0)+J, u, v)+J —> qu
is a regular extension of C by g and is defined to be the sum of L and L'. It is a
straightforward matter to verify that &(g, C) form an abelian group with respect
to this addition. The O element is the trivial extension 0 - C—> C+g—>g—0
where C+g is the C-module direct sum of C and g with the commutation
[(x, ), (x’, &)]=(ox'—'x, [0, &']) and the p-map (x, &) — (x*+0°"x, 0°). The
negative of a regular extension L is just 0—> C > [3>g—> 0.

Now let R be a central separable A-algebra containing C as a maximal com-
mutative subalgebra such that every o in g can be extended to an inner derivation
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on R. Let I denote the set of all elements s of R for which D(C)<C where D,
denotes the derivation of R which is given by Dx=sx—xs for all x in R. Let ¢(s)
denote the restriction of D, to C. The C-module I carries a restricted Lie algebra
structure with [sy, §3]=s5,5;—5.5; and the p-map s — s®. The C-linear restricted
Lie algebra homomorphism s — ¢(s) maps [ onto all of g and clearly the kernel of
¢ coincides with C. So we have an exact sequence of restricted Lie algebras
L:0_5 Ccs 12 g_ 0.1t follows from [11, Lemma 1] that L is a regular extension.

THEOREM 1 (WEAK FORM). If there is an A-derivation © on C such that C[0]=
End, (C), then every regular extension L: 0 _s. C <. 1 ®5 g 5 0 admits a C-linear Lie
algebra homomorphism p: ¢ — | such that @p is the identity map on g. For any such
p, the map 0: g — A, d — p(d)? — p(d®), is additive and O(ud)=u?(6d) for all u € C.

Proof. We observe that given any idempotent e in 4, [=el+ (1 —e)! is a direct
sum of restricted Lie algebras. In view of the argument given in [15, Corollary 2.5]
we may therefore assume, without loss of generality, that the projective 4-module
C has a rank p". It follows from [15, Theorem 2.4] that o satisfies a polynomial
X=opt+ - +oyt? + - +o, 1t '+t a € A, and any polynomial f in C[¢]
satisfied by 0 is divisible by X. Let g, denote the abelian Lie subalgebra >7-¢ Ao%
of g. Let s be any element in I such that ¢(s)=2. It follows from the identity
Dy = D? that 32, As* is an abelian Lie subalgebra of L. Let p: g, — I be the 4-
module homomorphism given by 8* — s*. Since 9%, i=0, ..., n—1, are linearly
independent over C, p is well defined and is clearly a Lie algebra homomorphism.
Moreover, @p is the identity map on g,. Now the C-module monomorphism
C ®go—8, u ®d—ud, is actually onto because locally it is always onto [15,
p. 44, Proof of Lemma 2.2]. We may therefore extend p to a C-module homo-
morphism (still denoted by p) from g to I by setting ud — u(pd), u€ C, d e go. It
follows from the first and third regularity conditions assumed on L that p: g — [
is a Lie algebra homomorphism. That p followed by ¢ is the identity map on g is
of course clear. We claim that 6: d — p(d)? — p(d®), d € g, takes its values in A4.
We have for any d’ € g,

—d'(6d)+p[d®, d'] = Doy +p@?(pd’) = Dyap(pd’) = Diafpd’) = p(D(d")).
So d'(6d)=0 because [d?, d']= D3(d’) by definition of restricted Lie algebra. This
shows 8(d) € A for all din g. Next, given d and d’ in g, according to [7, p. 199-200,
(22), (28)], (d+d’)*—d?—d’? is a certain sum of commutators formed from d and
d'. So p(d+d')— p(d)*—p(d')? = p((d+d')") — p(d?) — p(d'?) from which we con-
clude that 8(d+d')=6(d)+ 6(d’). Finally for any u in C, we have, by Hochschild’s
formula [11, Lemma 1] and the C-linearity of p,

0(ud) = p(ud)” — p((ud)")
(@?(pd)” + ((ud)”~*u)(pd)) — p(u*d® + ((ud)® ~*u)d)
u((pd)? — p(d”)) = u*(8d).
This completes the proof of the theorem.
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COROLLARY. If C admits a p-basis over A, then every regular extension L: (0 —
C_ 12, g_. 0 admits a C-linear Lie algebra homomorphism p: § — | such that pp
is the identity on g.

The corollary is an immediate consequence of the following:

LeMMA 7. If C admits a p-basis u;, 1 <i<r, over A, then the A-derivation on C
given by ou; =1, ouy=(u,- - -u;_1)" "%, i> 1, satisfies the equation C[9]=End, (C).

Proof. Let S be the set of all monomials u§:- - -ufr, 0<e;<p. We impose an
order on S as follows: ul- - -ulr<uf...y™ if and only if for some k, I/, <m, and
l;=m,; for all i>k. Let w be the one-to-one order-preserving function from S into
the set of all positive integers given by w(1)=1, w((u; - - -u,)?~*)=p". For any s in S,
we assert that 9°®@s=0, 0°®-(s)e{l,2,..., p—1}. This is clear if w(s)=1. If
w(s)>1, then s is of the form ué» [ [, <;<, uf* with e,,>0. We have

14
0s = en(Ouy)uem—1 n uft+ z e (Qu)uemugi—1 H ugt.
1

m<{sr j=m+ i#im<isr
Put t=(0u)uem =1 [ Tn<isr uft. It is clear that w(t)=w(s)—1. It is also clear that
monomials occurring in the summation sign are strictly less than z. So by an
inductive argument, we see that 8°®s=0, 8*®-15e{l,2,...,p—1}.

Now let a be any ideal in C. We claim that if > <., ¢;0,=f for some ¢; in C and
fin aEnd, (C), then ¢; belongs to a for all i. Assume ¢; belongs to a for all i</
Let se€S be the monomial with w(s)=I/+1. It follows from c¢(d's)=f(s)—
i< (') € a that ¢, belongs to a also because &' is invertible. If we take a to be
the zero ideal in C, we see that C[0]=><;,7 C&' is a free C-module based on &',
0=<i<p'". Moreover the canonical map C[0]/aC[0] — End, (C)/a End, (C) is a
monomorphism for any ideal ain C. If a is a maximal ideal of C, then C[0]/aC[0] —
End, (C)/a End, (C) is an isomorphism because both sides are vector spaces over
C/a of the same finite dimension p"=[C: 4A]. In particular C[6]=End, (C) when
Cis a local ring [5, p. 109, Corollary]. So the inclusion map C[¢] — End, (C) is
always onto because locally it is [5, p. 111, Theorem 1].

REeMARK. (a) The restriction in Theorem 1 that there is a single derivation o
with C[0]=End, (C) will be removed later in §5.

(b) In case Cis a field, the above corollary is due to Hochschild [11, Theorem 4].
Our proof is somewhat easier because we make no use of the cohomology of
restricted Lie algebras.

Let I be a restricted Lie algebra with the p-map x — x! and denote by J the
ideal of the universal enveloping algebra R, of [ generated by the elements of the
form x? —x!*! with x in L It follows from the definition of restricted Lie algebras
that these elements are in the center of R.. We define the restricted enveloping
algebra of [ to be U;= Ry/J. Let I(I) denote the ideal in U; generated by the canonical
image of I. Then we have an A4-algebra homomorphism e: U; — 4= Uy/I(l). So
U, is a supplemented algebra in the terminology of [6].
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LemMA 8. Let { be a restricted Lie algebra such that 1 is a finitely generated free
A-module based on 1, ..., A,.. Then the monomials A5*---Xr, 0<e,<p, form an
A-module basis for U,.

Proof. By [6, p. 271, Theorem 3.1], the monomials A$:---A%, ¢,20, form an
A-module basis for Ry over 4. Put p,; =N — X, A simple verification shows that
the monomials A2. . - APruft. ..yl 0<m;<p, n;20, form a basis for R, over A.
So the monomials A§t- - - Afr, 0<e; < p, form a basis for U; over A.

LeEMMA 9. Let I be a restricted Lie algebra such that 1 is finitely generated pro-
Jective as an A-module. Then U, is also finitely generated projective as an A-module.
Moreover, | is a direct summand of I(1).

Proof. Since [ is finitely generated projective over 4, given any maximal ideal
q in A there is some f€ A —q such that [, is a free 4,-module of finite dimension.
Now (Ui); may be identified as the restricted enveloping algebra of I; over 4; so it
must be a finite dimensional free 4,-module. This implies Uy is finitely generated
projective over A.

Next the canonical map I — U; is a monomorphism because it is a mono-
morphism locally. So we may regard I as an 4-submodule of I(I). In view of [5,
p. 114, Corollary 1] to show [ is a direct summand of I(I), it suffices to show I(I)/l
is finitely presented as an A-module. But I(I) as a direct summand of Uy is finitely
generated projective over A, so there is a finitely generated projective 4-module
J such that the direct sum /(f)+J is a free 4-module. It follows from the exactness
of the sequence

0—=>1+J> ID+J — I/ -0, (x, y) > x+1,

that I(1)/1 is finitely presented because [+J is finitely generated as an 4-module.

Now let L: 0 C¥, 12, g 0 be a regular extension. Let I(I) be the ideal of
the restricted enveloping algebra U; of I which is generated by the canonical
images x’ in U of the elements x in I. Let J be the ideal of I(I) which is generated
by the elements (¥c)'x’ —(cx)’ where c € C, x €1, (c)’'x’ denotes the product of
(¥c), x' in U, cx denotes the scalar product in . Put V,=I(I)/J. It is clear that
V. is essentially determined by the equivalence class of L.

THEOREM 2. Let L: 05 C . 125 g_,. 0 be a regular extension. Then the canonical
map of linto V' is one-one, and its restriction to C is a ring-homomorphism by means
of which we identify C with a subring of V.. Then V is a central separable A-algebra
containing C as a splitting subalgebra. Furthermore | becomes identified by the
canonical map with the set {xe€ V.| xc—cxe C,Yce C} and the corresponding
regular extension coincides with L. Conversely, if R is a central separable A-algebra
containing C as a maximal commutative subalgebra such that every 0 in g can be
extended to an inner derivation of R and if L is the corresponding regular extension,
then V is isomorphic to R.
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Proof. Given any prime ideal q in A4 it is easy to verify that (V;), is isomorphic
to Vi, where L, is the regular extension 0 — Cq < Iy — gq — 0. It follows from
Lemma 2 that all the assertions in the theorem are local in nature, it suffices to
prove the theorem under the assumption that 4 is a local ring. So C admits a
p-basis u;,, 1 <i<r, over A [16, Lemma 7 and Theorem 10]. Let 9; be the A-deriva-
tion on C given by 0,u;= 8,;u;. By the corollary to Theorem 1 there is an ordinary
Lie algebra homomorphism p: g — I which is C-linear and such that for every
0€g, (pp)0=0 and p(9)*— p(0®) € A. Write s;=p(0;). Then sf=s;+c; with o; € 4
because 07 =9,. In the polynomial ring A[t,, . . ., t,] where the #; are indeterminates
over A, let I be the ideal generated by the elements tf —t, — . Put Z=A[t,, . . ., t,]/1.
Then if z; denotes the cosets of #; modulo I, we have Z=A[z,, ..., z,], z2P=z;+«
and the monomials z¢:- - - z& with 0 <e; <p constitute a basis for Z over 4. Now
put W=C ® Z. Let y; be the A-module endomorphism 9; ® 1+1 ® Az, of W
where Az;:Z — Z is the map produced by left multiplication by z,. Let R=
Cly1 ...,y J=End, (W) be the ring of A-endomorphisms of W which is generated
by the scalar multiplications with elements of C and the y;’s. We have y;y,=y;y,,
yP=y,+e; and for c e C, y,c=cy;+(0,c). Furthermore, the monomials y{:---y¢r
with 0<e; <p are a C-module basis for R. Now every element of I can be written
uniquely in the form s=c,+ >}, ¢, with ¢, € C. We define {(s)=c,+>}-; ¢;y; € R.
If we regard R as a restricted Lie algebra in the usual way, we see at once that
{:1— R is a restricted Lie algebra monomorphism. Hence { can be extended
uniquely to a homomorphism of I(I) onto R which we shall still denote by .
Evidently { maps the ideal J of I(f) to 0, and since it maps I monomorphically we
have J N 1=0. Hence we may identify [ with its canonical image in V. Furthermore,
{ induces a homomorphism y of V¥, onto R which (with the identification we have
made) leaves the elements of C fixed. Since the cosets modulo J of the ordered
monomials in the s; with nonnegative exponents less than p form a basis for V;,
over C, y: ¥V, — R is an isomorphism. Hence we may verify the remaining
assertions concerning ¥, by operating on R.

We write the elements of R as polynomials in the y, with coefficients in C, the
degree in each y; being at most p— 1. We claim that if x € R and xu;, —u,x € C, then
the degree of x in y; is at most 1. In fact, write x=x,+x; y;+ - - - + X,y where
x; do not contain y; and m<p. Then from yu,=u(1+y,), yiu,=u(1+y,), we find

m
Xthy—wx = (e yiui—ux,y)) = 2 x{(yiw—wuy))
=0

)
j=o
m m-2

>, xu((1+yY =) = mxuuyP=*+ 3 byyl
ji=0

i=0

where b, do not contain y;. This shows that our condition on x implies that x,,=0
when m > 1, and thus establishes our claim. By a similar computation, it is easy to
show that if x € R and xu;—u;x € C for all i=1, ..., r, then x must be of the form
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co+ 2= ¢,y with ¢, € C. So 1is precisely the set of all x € ¥, for which xc—cx e C
for all ¢ in C. We conclude also that the center of V7 is contained in [ and since the
only elements of I which commutes with all elements of C are the elements of C,
we find that the center of ¥ is contained in C and hence it coincides with 4. Now
let I be any nonzero two-sided ideal of R=R/qR where q is the maximal ideal of
A and let X be a nonzero element of I. Write &, =u;+qR and compute X, — it X
as above. Our computation shows that if we repeat this a suitable number of times
and with suitable indices i, we finally obtain a nonzero element of I N (C/qC). But
the ideal 7N (C/qC) is stable under g/qg. Since C[g]=End,(C) implies
(C/aC)[g/ag]l=End /4 (C/qC) which in turn implies no nontrivial ideal in C/qC is
stable under g/qg, we must have I N (C/qC)=C/qC. So I=R. This shows R is
central separable over 4 because R is central simple over 4/q [5, p. 180, Exercise
14]. It follows from our construction of ¥V that the inner derivation effected by an
element s in I coincides with ¢(s) on C, and hence L is indeed the regular extension
which is derived from the central separable A-algebra ¥V, with the splitting
subalgebra C. ‘

There remains to prove the last part of the theorem. In the notation used there
it is clear that the canonical homomorphism of I(I) into R annihilates the ideal J
and hence induces a homomorphism y of ¥V into R. This homomorphism vy leaves
the elements of C fixed and in particular is not 0. Since V7, is central separable, y
therefore must be monomorphic. Regarding R as a two-sided V;-module via v,
we have by [2, Theorem 3.1] R ¥V, ® 4 R"V©’=V because R""’={x € R | xy=yx
for all y € y(V.)} is just A.

RemARK. The above proof for Theorem 2 is adapted from [11, pp. 484-485]
with only minor changes.

Let R and S be two central separable A4-algebras both with C as a splitting
subalgebra. We say R is equivalent to S if and only if there is an A-algebra iso-
morphism «: R — S such that «(c)=c for all c in C. Let 2/(C/A4) denote the set of
all equivalence classes of such algebras. Chase-Rosenberg [8, Theorem 2.14] show
that &/(C/A) form an abelian group with respect to the product R-S=
Endpgs (R ®¢ S) where R ®, S is regarded as a right (R ® S)-module, R and S
are regarded as left C-modules (i.e., R ®¢ S=(R Q¢ S)res, R=cR, S=S).

THEOREM 3. The mapv: (g, C) — /(C[A), L — V., is anisomorphism of groups.
Proof. It follows from Theorem 2 and Lemma 6 that v is an isomorphism of

sets. So it suffices to prove that v is a group-homomorphism. We interrupt the
proof with a lemma.

LemMA 10. Let R and S be central separable A-algebras both with C as a splitting
subalgebra. Then the map from R-S=Endzgs (R Q¢ S) into

TE{Zu‘®u,c—:R ®CS|zuic®v,=Zu,@v,cforallcinC}

given by f — f(1) is an A-algebra isomorphism which leaves C pointwise fixed.
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Proof. It is clear that given fin R-S, fis determined by its action on 1. Write
Sf=>u; @ v;. Then J uc @ v;=> u;  v,c, for all c e C, because in R ¢ S,
¢ ®1=1 ® c. It is also easily verified that given any element 3 #; ® v;in R ®, S
such that > e @ v;=2 u; ® vic for all ¢ in C, then the left multiplication by
S Quv, x Qy— > ux ® vy, is a well-defined map on R Q. S and belongs
to R-S. This completes the proof of the lemma.

Now return to the proof of Theorem 3. Let L: 0 C_ 1%, g_50 and L":
0, Ce, 1'%, g_, 0 be regular extensions. We would like to show that the
regular extension H: 0 — C < ) — g — 0 associated to

T={Zu,®v‘eVL ®cVL,|Zu,c®v;= Zu, ®v‘cforallcinC}

is equivalent to L+L’: 0 —- C—t— g — 0. By Lemma 10 and Theorem 2, this
will prove that v is a group-homomorphism(2).
We have the following diagram

0—->C>hHh—>g—>0

I

0>C—t—>g—>0

where 7 is the map (s, s') > s ® 1+1 ® s'. To see 7 is well defined, we first note
that for all cin C

(s5c®1+c®5)—(s®c+1 ®5'c) = (sc—cs) @ 1+1 ® (¢s'—5'c)
=[5c]®1-1Q[s,¢c] =0

because [s, c]=g(s)(c)=¢'(s)c)=[s", c]. This shows 7(s, s') is an element of T.
Now

ERI+1RsNe®@D—(cRDERLI+1 ®s)=(@c—cs)R1 =[s,c]@1eC

for all ¢ in C. So (s, s) is actually in §. The last computation also shows that the
right-hand side square in the above diagram is commutative. That the left-hand
side square is commutative is of course clear. It is also readily verified that 4 is a
C-linear restricted Lie ring-homomorphism. By the five lemma, » must be an
isomorphism.

REMARK. Theorem 3 may be regarded as a generalization of [11, Theorem 6]
because when C is a field, &/(C/A) is exactly the Brauer group B(C/A) [8, Theorem
2.14].

3. Differentials. In order to produce a map from the Amitsur cohomology
group H%(C/A, G,,) into the group &(g, C), it is necessary to put our earlier work

(®) We are indebted to the referee for the following argument which replaces a lengthier
argument used in the original proof.
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[15] on logarithmic derivatives in an invariant form. The following exposition on
differentials is based on that of Cartier’s [7, pp. 187-204]. The proof for Lemma
14 is taken from [15, Theorem 2.6].

We shall write Q'=Hom, (g, C), and denote by Q! the ith exterior product
QLA - AQ (i factors). The exterior algebra Q of Q! over C is the direct sum
C+Q*+ Q%+ ... It follows from [16, Theorem 10] that for any multiplicatively
closed subset S of A4, gs may be identified with the Lie algebra g(Cs/A4s) of all
Ag-derivations on Cs. Consequently Qg may be identified with the exterior algebra
of Homg, (g(Cs/As), Cs) over Cs. For any x in C, we shall denote by dx the map
g — C, given by @ — 0x. The map d: C — Q*, x — dx, is A-linear and we have the
identity

d(xy) = xdy+ ydx, x,yeC.

LeMMA 11. There is a unique A-linear map d: Q — Q called the exterior dif-
ferentiation on Q which satisfies the following conditions:
(i) dwrw)=doAo'+(—1DwAde’ (w0 e Q, o €Q),
(ii) d(dw)=0 (w € Q),
(iii) d is the extension of the map C — Q', x — dx.

Proof. We shall first prove the uniqueness of d. Assume there are two such maps
dy, d;. Let Y be the set of all w in Q such that d;w=d,w. By (iii), we have C<Y. By
(i), Y is a subalgebra of Q. Since Q as a C-algebra is generated by the elements of
Q1 the uniqueness of d would follow if we could show that Q! is contained in T.
By (ii), it is clear that the C-submodule C(dC) of Q! generated by the image of
d: C — Q'is contained in Y. We claim that the inclusion map C(dC) > Q! is onto.
It suffices of course to prove this is the case when A is local. But when A4 is local,
C admits a p-basis x;, . .., x, over 4, and it is readily verified that the dx; form a
C-module basis of Q!. This proves the uniqueness of d.

There remains to show the existence of the exterior differentiation on Q. Assume
first that C admits a p-basis xy, ..., x, over A so that the elements of the form
dxi A - Ndxy, i<---<i, 0=s<r, constitute a C-module basis for Q. We
therefore have a map

Q—Q,
xedxy, A--oAdxi,—>dx Adxg A--- A dx, (xeC).

It is a mechanical matter to verify that this map satisfies all the requirements of our
lemma. We shall therefore not go into the details here.

In the general case, let Q be the associated sheaf of the 4-module Q. For each q
in spec A, the fibre of Q at q is just Q. Since C, admits a p-basis over A,, there
exists an exterior differentiation d; on Q. Let d: O — Q be the (set-theoretical)
map such that the restriction of d to Qg coincides with d,. To see d is continuous we
recall that for any q in Spec A, there exists some f€ A —q such that C, admits a
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p-basis over 4, [16, Lemma 7]. So there exists an exterior differentiation d; on Q.
It follows from the uniqueness of the exterior differentiation that the diagram

Q —— Qyp

d; J ldp

Qf —_— Qp

is commutative for every p in the open set D,={p € Spec 4 | ¢ »}. Let d, be the
endomorphism on the 4,-module &, induced by d;. Since ), is just the restriction
of Q to D, [9, p. 86, Proposition (1.3.6)] and the restriction of d to , coincides with
d;, d must be continuous. If we denote by d the A-module endomorphism on Q
associated to d [9, p. 87, Corollary (1.3.8)], we see that d2 is zero because d2 is. For
any o in Q! and ' in Q, the difference d(w A w')— (dw A ' +(— 1)'w A dw’) is zero
because it is zero at every q in Spec 4. Finally the restriction of d to C coincides
with the map x — dx, x € C, because they coincide locally. This completes the
proof of the existence of the exterior differentiation on Q.

LemMA 12. If x is an element of C, then x?~1(07x)—0*~1(x?~1(ox))=(x)"? for
any derivation 0 on C.

Proof. Let P denote the (prime) field of p elements. Let K be the polynomial ring
Plty, 13, to, .. .] where the t;’s are independent variables. We have a homomorphism
0: K— C which is given by 6(t,)=x and 6(t,)=0o'x, i>0. If we denote by A the
derivation on K given by At;=¢,, ,, we have the following commutative diagram

0

K——C

Al 13

Now A has a unique extension to the field L of fractions of K, which we again denote
by A. Let A+ A(t5t,): L - L be the map s — A(s)+t5 ;5. We have

Al5 )"+ AP~ (15 1) — 15 t,)

= (A[(t5 )"+ AP~ Mt 1)1+ A7) — (AP + A(t5 't )

= (A(t5 ')+ A — (AP + A(t5 *[A%5])).
The second equality follows from Jacobson’s formula [7, p. 201, (36)]. From
A+ Aty 1) =(Ats )A(AL,) we see that (A+A(ty't))?=(Atg)A?(At))=A"
+A(t5HA]). So (25 Y(Ato))P+ AP~ 1(t5 Y(Aty)) — ty 2(A?t)=0. Clearing the
denominators we get (Azo)?+ AP~ (12~ 1(Aty)) — t8~1(A*t,)=0. Applying 6 to the
equation, we get (&x)?+ 87 ~1(x?~1(0x)) — x? ~*(07x) =0 because §A'=2'0 for any i.
This completes the proof of the lemma.



440 SHUEN YUAN [January

By formula (i) of Lemma 11, the kernel Z of d: Q — Q is an A-subalgebra of Q
while the image B of d is an ideal in Z. We have the following:

LeMMA 13. The A-subalgebra Z is equal to the sum of B and the A-subalgebra R of
Q generated by elements of the form x*~'dx with x in C.

Proof. We have the obvious inclusion R+ B <> Z. To show the map is onto, we
may assume A is a local ring. So C admits a p-basis x,, ..., x, over 4. In this
situation, a slightly more specific statement holds: Z is the direct sum of B and the
A-subalgebra of Q generated by the elements x?~'dx;. This statement appears in
[7, p. 197, Proposition 6] where the proof is given in the case where C'is a field. But
the computations are formal and are equally valid in our case.

Now let E denote the kernel of d: Q! — Q2. Given w in E we have a map

Tw:g— A,
8~ w(0)— 27~ (w(?))

I' is called the Cartier operator. It is not obvious that (I'w)(9) actually belongs to A4.
By Lemma 13, we may write w=du+> eu?~1du, u, ;€ C, o€ A. Since I' is
A-linear and I'(du)=0, it suffices to show that (I'x?~! dx)(0)=x""1(o"x)—
0°~1(x?~19x), x € C, 0 € g, is an element of 4. This, however, is a simple consequence
of Lemma 12. Now 4 may be regarded as a C-module via the scalar product C x 4
— A, (¢, a) — c’a. We wish to show that I'w is an element of Hom¢ (g, 4). It suf-
fices to verify the special case w = x?~! dx, of course. Using Lemma 12 again, we
find (T'x?~* dx)(cd)=((c0)x)?=cP(0x)?=c?(I'x?~* dx)(d) and

(CxP=1 dx)(9+ ) = ((0+9)x)" = (@x)*+(9'x)
= (Ix?~1 dx)(9) +(T'x?~1 dx)(?")

as desired. Summarizing, we see that I': E — Hom, (g, 4) is an additive group
homomorphism. Therefore the map

8,: E— Hom¢ (g, 4)

given by (8,w)(0) = (T'w)(9) — (w(9))?, 0 € g, is also an additive group homomorphism.
Now let 8,: C* — E be the map x — x~* dx. It is readily verified that 8,8,=0.
So we have a complex

8 8
1) 0—> A*—> C* —> E —> Homy (g, A).

LemMA 14. The group L(C/A)=(kernel é,)/(image 8,) is isomorphic to the rank
one projective class group P(C[A).

Proof. Let M be a rank one projective A-module such that the C-module M ® C
is free on one generator b. Let p be a prime ideal in 4. To any generator by for the
free Ap-module M ® Ay there is a unique invertible element #, in Cy such that the
equation b=by(1 ® uy) holds in M ® Cy. If by, is another generator for M ® Ay
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and u;, the corresponding invertible element in Cy, then wyu; ' is in Ap. This shows
the correspondence s: p — u, * duy is independent of the choice of by. To see s is a
section for the sheaf Q, we note that for any p in Spec 4, there is some fe 4—p
such that the 4,-module M ® A, is free on one generator b;. So there is an invert-
ible element u; in C, such that the equation b=>5b,(1 ® u,;) holds in M ® C;. It is
clear that for any q in the distinguished open set D,, u; ! du, goes to ug* du, under
the canonical map Q! — Q1. So s is a section for O and there is a unique element
w € Q' such that for all p in Spec 4, the canonical image of w in Qj is uy* duy.
Now both dw and 8,w must be zero because locally they are zero. So w is actually
in E. If b’ is another generator for the free C-module M ® C and o’ is the element
in E to correspond, then w=w’ modulo image 8,. So we have a well-defined map
6: P(C/A) — L(C/A). 1t is readily verified that 8 is a group-homomorphism. To
show it is one to one, assume w=x"* dx for some x € C*. Then for any p in Spec 4,
the equation x~* dx=u, * duy holds in Q}. We have, for any 4;-derivation @ on Cp,
Aupx =)= (upx~*)(uy * - Ouy—x~*-9x) =0 which implies uy=xay for some oy in 4}
because Ay is exactly the set of all elements of Cp which are annihilated by every
Ay-derivation on Cy [16, Theorem 9]. It follows that (1 ® o)} (b[l ® x~1]), 2 € g,
must be zero because at every p, (1 ® 9)(b[l ® x D=1 & 9)(bp[l ® ap])=0.
Since the sequence

00— MRIA—MQ C{—1-—>®6}2M® C (direct sum)
is exact, b(1 ® x~1) is therefore an element of M. If m is any element of M, then
m® 1=b(1 ® x~c) for some ce C. Now ¢ must be an element of 4 because
b(1 ® x~Y(0c))=(1 ® 9)(m ® 1)=0 for all 2 € g. This shows M is a free 4-module
based on b(1 ® x~*), whence 6 is one to one.

There remains to show that 6 is onto. So let w € E be an element in the kernel of
8. Let L be the trivial regular extension 0 — C < C+g — g — 0. By Theorem 3,
L is the regular extension derived from the central separable 4-algebra End, (C).
We have a map

t: C+g— End, (C),
c+0—> 9+ A(c+ w(9)),

where Ax, x € C, is the map on C produced by multiplication by x. The assumption
that dw=0, 8,0 =0 says that t is a restricted Lie algebra homomorphism [7, pp.
200-201]. One verifies at once that t induces an A-algebra homomorphism
p: V, — End, (C). By Theorem 2, the inclusion map C+g <> End, (C) induces an
A-algebra isomorphism y: ¥, — End, (C). So the additive group C* has a new
End, (C)-module structure via the scalar product End, (C)xC— C, (f, x) >
(py ~X(f))(x). Write this new module as ,C. By [5, p. 181, Exercise 18], we have
Hom; (C, ,C) ® C~,C, where E=End, (C). It follows from [5, p. 53] that
Homg (C, ,,C) is a rank one projective A-module. Now each element of Homg (C, ,,C)
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is determined by its action on 1 € C which must go to an element of ,C annihilated
by the new operation of g since in the old operation of g, 91 =0 for all @ € g. Thus
Homg (C, ,C)~ N {kernel 0+ A(wd) | @ € g}. Write M= (") {kernel 0+ A(wd) | 2 € g}
and let b be the element > m; ® ¢; in M ® C such that 3 mic;=1 in C. For each
p € Spec A, pick my € M such that by=my @ 1 is a generator for the one dimen-
sional free Ay-module My. We have, for all i, m; ® 1=myp & a; for some a, € Ay.
Now with the notations introduced earlier in the proof, up=> a;c;. But in Cy,
mpup=my > aic;=> mc;=1. So O=uy-dmy+my-duy= —upmpw +my duy= —w+
uy' duy whence 6 is onto. This completes the proof of the lemma.

REMARKS. (1) The A-module E is finitely generated projective. For if f is an
element of A such that C; admits a p-basis over A, then E; is a free 4,-module of
dimension p"+r—1 where p'=[C,: 4,].

(2) If C is obtained from A by adjoining nilpotents, then L(C/4)=0. For any o
in kernel 8;, we have 3 myc;=1 for some m, in M= " {kernel (0+ A(wd)) | ¢ € g}
and ¢; in C. Pick f; in 4 such that ¢;—f is nilpotent in C. Then > mf, € M as the
sum of 1 and a nilpotent > m(f;—¢;) must be a unit in C. Write x~'=3 mf;. One
sees at once that w=x"1 dx.

(3) It will be shown later in §5 that the cokernel of 8,: & — Hom¢ (g, A) is iso-
morphic to &(g, C).

LEMMA 15. Let w be an element of Q. Then w is equal to dx for some x in C if and
only if dw=0 and Tw=0.

Proof. If w=dx for some x in C, then of course dw=0 and 'w=0. So it suffices
to show that  must be of the form dx whenever both dw and I'w are zero. Let B
denote the image of d: C — Q. Let B’ be the A-submodule B+ Aw of Q. Now the
inclusion map «: B— B’ is onto if and only if it is onto at every p € Spec 4. We
may therefore assume that C admits a p-basis x;, ..., x, over 4 so that w is of the
form oy x2~* dx;+ - - - +,x? ! dx,+dx for some «; in A and x in C. For any 0 in
g, we have

0= (Tw)d) = > e(TxP~*dx)@) = > a(@x.).
i=1 i=1
In this equation, if we let @ be the 4-derivation on C given by dx;=38,;, we see
that o;=0. This completes the proof of the lemma.

4. Applications to Amitsur cohomology. Let R be a commutative 4-algebra such
that R is flat as an A-module. Since g is finitely generated projective as a C-module,
we have Homzgc (R ® 8, R® C)~ R ® Hom, (g, C), Homzgc (R ® g, RA)ZR ®
Hom, (g, A). Write Q}=Homzgc (R® g, R® C). It is clear that the exterior
algebra of Q} over R ® C may be identified with R ® Q. It is also clear that with
this identification the kernel of the exterior differentiation Q} — Q} A Q% becomes
identified with R ® E. In the sequence (1), if we replace the extension C over A4 by
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the extension R ® C over R, and taking into account these identifications, we get
the sequence
2) 0——>R*——>(R®C)*——->R®E—8—>R®G)

R

where © stands for Hom¢ (g, A). Replacing Rby RQ R, RQ RQ R, ..., we get
the sequence of complexes
(3) 0—>%(R/4,G,)—¥¢RQ C|C, G,)—>¥C(R/A, G,) @ E—~F(R/A,G,) @ O

where €(R/A, G,), €(R/A, G,) denote respectively the multiplicative and the
additive Amitsur complexes; cf. [14, pp. 284-286].

From now on we assume that R is a C-algebra which is faithfully flat as a C-
module. By Remark (2) of Lemma 14, (3) is an exact sequence of complexes. Let
® and € denote respectively the kernel and cokernel of F(R/4,G,) ®E
— %(R/A, G,) ® ©. We therefore have two exact sequences of complexes

0—~%(R/A4, G,) > ¥R Q C/C, G,,) > & —0,
0>R—>F(RIA,G)RE—->C—0.
According to [13, Proposition 3.3], the cohomology of ¥(R ® C/C, G,) coincides
with that of €(R/C, G,,). According to [13, Lemma 2.2] all cohomology groups of
%(R/A, G,) ® E of dimensions higher than zero are trivial. So we have the follow-
ing exact sequences
0— A* > C* - H°® - HY(R/A, G,) > H'(R/C, G,)
> H'® — H(R|A, Gp) > -,
0—> H°® - E — HC — H'{ — 0,
0— H'C - H'*1§ — 0, i>0.
Now € is a subcomplex of €(R/4, G,) ® ©. The latter is acyclic. So
H¢C =¢"Nn0,
H'€ = [¢' N B(#(R/A, G,) ® 0)]/B(€)
where €' denotes the i-dimensional cochain group of €, B!(X) denotes the i-
dimensional coboundary group of the complex X.

In the above exact sequences, if we replace R by C and denote by A the co-
boundary operator on ¥(C/A4, G,), we get the following isomorphisms:

@ A: HY(C/A, Gn) = L(C/4),
©) {: H¥(C/A, G,) = [(image 35) N ©]/(image 8,),
(6) H"*(C/A, Gpn) = [(image 8c) N (A ® 1)(C"™* @ O))/(A @ I)(image 5¢2-1),

The isomorphism A is given by > x; ® y,— — >, x,dy; The isomorphism ¢ is given
by 2 x Q@ yi ® z;— 8c(w) where w is any element in C ® E with (A ® 1)(w)=
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Cx®yQ®z)C x & y; ® dz)). The groups H(C/A, G,), n>2, will be shown
to be zero later.

5. Regular extensions and Amitsur cohomology. Given 8 in Hom¢ (g, 4), we
now proceed to show that the C-module direct sum C+g form a restricted Lie
algebra I, with respect to the commutation [(x, 9), (x’, )]=(ox' —9'x, [9, 9']) and
the p-map (x, 9)?=(x?+0? ~1x+ 69, 0?), such that the exact sequence

Li:0—C—>1,—>g—>0
x—(x, 0)
(x,9)—2
is a regular extension. That I, form a Lie algebra can be seen from the fact that the
commutation on Iy coincides with the one on C+ g regarded as a Lie subalgebra of
End, (C). For any « in 4, it is clear that (ax, «d)? =a?(x, 9)*. Moreover, by a simple
inductive argument, we have for any positive integer n and any (x’, &) in I,, the
following formula:

n
D o(x', 0") = (3"x’+ z (=DiCron—to'et~1x, D},‘(a’)).
i=1
In the special case n=p, we have
DEo(x’, 0') = (8°x' —'0"~*x, D§(2"))
= [(x?+ 07~ 1x+0(0), &7), (x', 0')] = Dy ap(x’, 0").
Now to avoid confusion of notations, let us temporarily write the p-map on I, as
(x, 9)¥). We would like to show that ((x, 9)+(x’, &) —(x, &) —(x', &) is
equal to ((x, 9)+(x’, &'))?—(x, ) —(x’, 2')" in the universal enveloping algebra of
I,. By definition
(>, )+ (', 7)) —(x, &) —(x', )™
= ((x+x)yP+(@+2)yY 1 (x+x")+0(0+2), (0+&))
—(x?+07"1x+(69), 0°)— (x'*+ 97~ x" +(60"), 0'7)
= ((0+2)P Y x+x)—07"x—02'P-1x', (04 &) —0o°—2'?).
Now using the formula of Jacobson we have
(>, D+ (x', @)N*—(x, 0y —(x', &)= (x+ XV +(2+2)y " (x+x'), (2+2))
—(xP+07"1x, ) —(x'P+ 0P~ 1x', O'P).
This shows I, is a restricted Lie algebra and we resume our old notation for the
p-map on I,

It is clear that L, satisfies the first three regularity requirements. The fourth
regularity condition is equivalent to the condition (cd)?~(cx)=cP(é" x)
+((c0)*"*)x, ¢, xe C, de g. Now every @ in g may be regarded as a derivation
of the polynomial ring C[¢] by letting 9z=x. By [11, Lemma 1] we have (cd)” ~*(cx)
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=(c0)?(t)=(c?o”+((c0)Pc)d)t=cP(0®~1x)+((cd)* ‘c)x as desired. This shows L,
is a regular extension for any 6 in Hom (g, A). It is readily verified that L, . is
equivalent to L,+L,. So the map Hom. (g, 4A) — &(g, C), 6 — L,, is a group
homomorphism. We claim that the kernel is exactly the image of §,: & —
Hom, (g, A).

Suppose that 6 e Hom, (g, 4) such that the corresponding regular extension L,
is trivial. Then there is a C-linear restricted Lie algebra homomorphism p: g — I,
such that gp is the identity map on g. Write p(0) =(w(d), 9). Then w is an element of
Q!'=Hom, (g, C). Since p is a Lie algebra homomorphism, we have «([2, 2'])
=9(w?") — 9'(wd) Which say dw is zero [7, p. 201, (34)] and hence w is actually in =.
Since p is restricted, we have (w(d)? +8” ~1(wd) + 8(3), &) = (w(d), 8)?=(w(d?), 7).
So 0=8,(w). Conversely if = 8,w for some w in 5, it is easy to verify that the map
g — Iy, 0 — (w(9), 9) is a C-linear restricted Lie algebra homomorphism. So L, is
trivial.

Since we have a monomorphism { from H%(C/4, G,,) into Hom,, (g, 4)/(image §,),
composing ¢ with o: Hom (g, 4)/(image §&,) — &(g, C), we therefore have a
monomorphism u: H%C/A, G,) — (g, C).

THEOREM 4. The monomorphism n: H¥(C[A, G,) — &(g, C) is an isomorphism.

THEOREM 5. Every regular extension 0 _s. C <125 g_ 0 admits a C-linear Lie
algebra homomorphism p: g — | such that op is the identity map on g. For any such
p, the map 6: 0 — p(9)* — p(0®)is an element of Hom (g, A4).

Proof. Let L be a regular extension of C by g. Let R be the corresponding
central separable A-algebra with C as a splitting subalgebra. The proof consists of
the following three steps:

(i) A 2-cocycle u will be attached to R and a complete description of R will be
given in terms of this u.

(ii) Let —L:0_ C =12, g_ 0 be the regular extension corresponding to R°.
A C-linear Lie algebra homomorphism p: g — [ such that gp is the identity map
on g will be constructed from the 2-cocycle u. This will complete the proof
of Theorem 5. (The second statement in Theorem 5 was proved earlier in
Theorem 1.)

(iii) Let 6: g — A be the map @ — p(8)* — p(2®). The equality — 6= {(u) will be
verified. Since — L =0(6), we have u(u)=ol(u) = o(— ) =L completing the proof of
Theorem 4.

(i) Put M=R/JR where J is the kernel of the map C® C—C, x ® y — xy.
By Lemma 4, there is an additive group isomorphism Y: C ® M — R such that
Alc @ )Y=TA(c" ® ¢) for all ¢ and ¢’ in C. Since M is a rank one projective
C-module, the map A: C — End. (M), ¢ — Ac, is an isomorphism because locally
it is an isomorphism [5, p. 111, Theorem 1, cf. also p. 177, Exercise 9b]. Let
7. CQ® C— CQ® C denote the map ¢ ® ¢’ — ¢’ ® c. We have the following
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sequence of isomorphisms:
C ® R° ~ End¢ (R) ~ End, g (C ® M) ~ End, (C) ® End (M)
c ® v — (Ac)(Pv)
f——T7YY 2l
Endc®A (C ® C) jand EndA®c (C ® C) jad EndA‘(C) ® C
v Yre—mf
where Py denote the map R— R produced by right multiplication by ». Let
B: C ® R® — End¢g 4 (C ® C)denote the composite of these isomorphisms. Note
that B8 is a C-algebra isomorphism and
@) Be®c)=Ac®c), cceC
Given any integer i, 1 £i<n+ 1, we shall denote by »; the map End¢rg 4 (C* ® C)
— Endgn+1g,4 (C*** ® C) given by
)1 ® Q1 @) =m(: R (iR RER -+ R Cry1 QC))
where 7;: C"*1 Q@ C— C**! ® C is the map
Qi1 ®c—> Q- Qe ®C1 1@+ BCrr1 Qe

If f= Az for some z in C™*%, then 7,(Az)= A(e;z) where ¢, is the ith face operator
for the Amitsur complex.

Following [1], [12], we define two CZ2-algebra isomorphisms B;: C? ® R°
— Endg2e 4 (C? ® C), i=1, 2, by putting

Bulce®c @x) =(c®1Q (B¢’ ® x)),
Bac ® ¢ ®x) = (1 ®c" @ )ma(Ble ® x)).
From (7), we get

Bic R @) =AMc® @) =Pc® ®C"), «¢,c"eC.

Since Endg2g 4 (C2 ® C) is a central separable C2-algebra with C? as a splitting
subalgebra, by Lemma 5, 8,87 is an inner automorphism by Az with z in C®
because the rank one projective class group P(C3/C? ® A) is trivial. From its
definition this z satisfies (Az)(y,f)(Az) ~*=n,f for all fin B(4 ® R°).In other words
B(A ® R°) form a subring of

R(z) = {f€Endcg 4 (C ® C) | (A2)(n.f)(Az™Y) = naf}.

Write K={fe€ R(z) | fB(1 ® x)=B(1 ® x)f for all x in R°}. By [2, Theorem 3.1] the
map R°® K— R(z), x ® f— B(l ® x)f, is an isomorphism. We claim that
K=A4 which implies R(z)=B(4 ® R°. Given g in K, we have gB(c ® x)
=B(c ® 1)gB(l1 ® x)=PB(c ® x)g for all ¢ in C and x in R°. This shows g is in the
center of End¢cg 4 (C ® C). So g=A(c ® 1) for some c in C. Now A1 ® c® 1)
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=n,(g)=72(g)=A(c ® 1 ® 1). This is possible only if cisin 4 because Cis faithfully
flat as an A-module.

Put u=(e,z)(eoz) ~Y(e5z). It is readily verified that Au is in the center C® of
Endgsg 4 (C? ® C). If we recall the relation ee;=¢;,,5 for i<j, we see that u is a
2-cocycle in the multiplicative Amitsur complex. Write z = 3 @, ® b; @ ¢, a;, by,
¢e€C. Then u=C1Q0a®b®c)2a®l®b®c) ' Ca®b®1Qc)
as an element in C®*® 4 is equal to (identified with) G 1 ® a; ® b))
Ca®1®bc) ' (Ca®b Qc). Put

R(u) = {feEndcg4 (C @ C) | (Au)(n f)N(Au)~! = naf}
and write t=3 a; ® bic;. For any fin R(z), we have

(M), (A= H)f(AD)Au) =t = [(Aest)(Aegt) " (A2)][(Aest) (01 f)(Aeyt)]
- [(Aest) =Y (Aegt)(A2) "]

= (Aeyt) " [(A2)(n1f)(Az) " )(Aest)

= na((At7)f(AD)).
So (At~1)f(At) is an element of R(u) for all fin R(z). Conversely for any g in R(u),
(At)g(Az~1) belongs to R(z). This shows the map 7: R(z) — R(u), f — (At~ 1) f(A?),
is an A4-algebra isomorphism. It is clear from (7) that 7 leaves the splitting sub-
algebra C=8(4 ® C)in R(z) pointwise fixed. (7 is thus an admissible isomorphism
in the terminology of [8, p. 38].)

(i) Now write u=> x, ® x; ® x; and let w be an element in C ® E whose

image under the boundary operator A ® 1 of ¢(C/4, G,;) ® E coincides with
S x0 ® x1 ® x3)" (S x0 ® x; ® dx,). For any @ in g, we have

(Aw)n:(1 @ 0+ A(wd))—75(1 ® 8+ A(wd))(Au)
=(A)(1 ®1Q+Aey(wd)—(1 ® 1 ® 9+ Aey(wd))(Au)
= — A2 %o ® x1 ® 9x3) + Au(ey(w0) —ey(wd)) = 0.
This shows 1 ® 9+ A(w?d) is an element of R(u) for all @ in g. If ¢ is in C, then
[1® o0+ A(wd), A(1 ® 0)]=[1 ® 9, A(1 ® ¢)]=A(l ® dc). So we have a mapping
p:g—>1,0—->1Q 0+ A(wd). It is clear that ¢p is the identity map on g and p is
C-linear. Moreover
[1 ® 0+ A(wd), 1 ® &'+ A(w?')]
[1®0,1Qd]+[1 ® 9, A(wd)]+[A(wd), 1 @ &']
1 ® [0, &1+ A((1 ® 9)(wd)—(1 ® &) (wd))
=1Q [0, 7]+ Aw([9, &')).

It

The last equality holds because dw=0, cf. [7, p. 201 (34)]. This shows p is a Lie
algebra homomorphism. The proof for Theorem 5 is therefore complete.
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(iii) Finally, we have

0(2) = p(@)"—p(2®) = (1 ® 0+ A(w?))*—(1 @ 2*+ Aw(7))
=1Q® &+ Al ® 8 ) wd)+(wd)*)— (1 @ &+ Aw(27))
A((1 @ 0°~ 1) (wd) +(wd)? —w(2P)) = — A(8;w)(9)

completing the proof of Theorem 4.

Il

COROLLARY 1. Let R be a central separable A-algebra with C as a splitting sub-
algebra. Then there is a 2-cocycle u in the multiplicative Amitsur complex for C over
A such that R is isomorphic to Ru)={fe€ End¢g, (C ® C) | (Aw)(p ) (Au=Y)=n,1}
by an A-algebra isomorphism which leaves C pointwise fixed.

COROLLARY 2. The map o: Hom, (g, 4)/(image 8,) — &(g, C) is an isomorphism.

ReMArk. Corollary 2 for the case Cis a field is due to Hochschild [11, Theorem 7].
Theorem 4 for the case C'is a field is due to Rosenberg and Zelinsky [12, Theorem 6.

THEOREM 6. H!'*2%(C/A4, G,)2E(C' ® g, C'*1)~[C! @ Hom, (g, 4))/(image 8s¢)
is equal to zero for all i>0.

Proof. It follows from Corollary 2 to Theorem 4 that we have the equality

(image 6;) N Hom¢ (g, A) = Hom (g, A).
Now let ¢;: C* > C'** bethemap x;, @ ... Qx> % ® ... %, Q1 Q x;
® ... ®x;, 1=£j<i+1. If in the above equality, we replace C over 4 by C*** over
gC!, and g by £C'® g, we get, after identifications (¢,C*) ® Homg (g, A)
<(image 8¢t+1). In view of the isomorphism (6) given in §4, we therefore get
H'**(C/A, G,) = (A ® 1)(C* ® Hom, (g, 4))/(A ® 1)(image 8¢1).

But given any 8 in C' ® Hom, (g, 4), if (A ® 1)8 is zero, then 6 is of the form
(A ® 1)(#") for some #" in C*~! ® Hom¢ (g, 4). In particular 6 must belong to

(image 841). If we consider the kernel-cokernel sequence of the following commuta-
tive diagram with exact rows:

(C* ® Homc (g, A4))

0 ———> image 8;t ———> C' ® Home (8, 4) (image 5c1) °
0—> (A ® 1) image 5ot — (A ® 1)(C* ® Home (g, 4)) —~E SN @ Home @, )

(A ® 1)(image 8¢t)
we see that H**2(C/A, G,,) is isomorphic to (C* ® Hom, (g, 4))/(image 8.) which
is isomorphic to &(C'® g, C**'). Now the map C* ! > C,x; ® -+ ® X,_;
—>X; -+ Xp-1, I8 an epimorphism with nilpotent kernel. So when n>2
HY(C/A, G,) = 8(C"2Q ¢, C"Y) = HY(C"C" 2R A, Gy)
= H*C/C, G,) = 0.
The third equality follows from [13, Theorem 3.4).
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According to [13, Theorem 4.3] if R is a (commutative) C-algebra which is
finitely generated projective as a C-module, then there is an exact sequence

- —> H""Y(R/C, G,) — H"(C/A, G,,) > HY(R/A, G,) - H"(R/C, Gp) —> - - -
In view of Theorems 3, 4, and 6, the following sequence

0 — P(C/A) — P(R/A) — P(R/C) - H(C|A) - H(R]A) - L (R/C) — 0
is therefore exact.

COROLLARY. Let R be a commutative C-algebra such that R is finitely generated
projective as a C-module, then the sequence of Brauer groups

A
0 —> B(C/A) —> B(R/A) —> B(R/C) —> 0
is exact where M is the lifting homomorphism, p is the restriction homomorphism.

Proof. We have a commutative diagram

B(R/A) ———> B(R/C)

I I

H 2(R/ A, Gm) — H 2(R/ C, Gm)

where the horizontal maps are the restriction maps, the vertical maps are defined
as in [12, Theorem 2]. By Theorems 3, 4, and [8, Theorem 2.14] the vertical map-
pings are epimorphisms. By Theorem 6 and [13, Theorem 4.3] the lower horizontal
map is also an epimorphism. So the upper horizontal map must be an epimorphism.
The rest of the corollary follows from the definition of B(C/A).

ReEMARK. The above corollary for the case C is a field is due to Hochschild [10,
Theorem 5]. Theorem 6 for the case C is a field is due to Berkson [4, Theorem 4].
A proof for Theorem 6 for the case C admits a p-basis over A4 is given in [17,
Theorem 3.6].
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